Featured Application: Modeling and simulation of quantum entanglement in physical systems.
Quantum Information and The Wigner Function
When we extend the classical idea of informatics, or even the idea of physically-based informatics to the quantum world, we uncover two basic threads: (1) quantum computing, and (2) quantum information as a description of quantum communications. The idea of using quantum mechanics to provide more computing power than classical computers seems to have begun around 1981-2 [1] , but Deutsch put the ideas on a more firm basis a few years later [2] . Deutsch reformulated the Turing argument [3] with an assertion that every finite realizable physical system could be simulated in a perfect manner by a universal model computing machine of finite size, and even by a quantum mechanical version of this universal machine. The fact that the quantum computer can be far more efficient than a classical version relies upon the concept of entanglement, or quantum superposition [4] . Information in such a quantum computer is naturally quantum information, but we tend to use this term more for the transmission of information in a manner in which it cannot be intercepted. Naturally, the ideas of transmitting bits using quantum-based encryption grew along with the ideas of quantum computing, so the two together become quantum information processing [5, 6] .
Important to each of these applications of quantum mechanics is the use of entanglement. When two bodies interact in a quantum manner they become entangled, which implies that they are now described by a single wave function and are no longer two distinct bodies. Even after they have ceased to interact and have moved some distance away, they remain entangled until some decoherence process acts upon them [7] . However, in experiments, one must face the fact that entanglement is difficult to measure. There is no physical variable whose eigenvalue yields the entanglement. Hence, people have worked for years to devise measures of entanglement [8] . Most of these, however, do not provide a clear visualization of the entanglement. But, it has been demonstrated that the Wigner function does provide a clear visualization of entanglement [7] . And, experimentalists have devised methods of reconstructing the Wigner function from output data of the experiments, particularly in optics (for a review on recent advances see [9] ). One such approach involves the study of entanglement in the Jaynes-Cummings model [10] . This model studies the interaction between a cavity mode, treated as a harmonic oscillator, and a two-level atom. When the field in the cavity is in a coherent state, the atom is prepared in an excited state. It is found that the atomic and field states become rapidly entangled, and then subsequently disentangle at one-half the so-called revival time [11] . Thus, the maximum entanglement occurs when the atom Rabi oscillations are at maximum amplitude. It was subsequently demonstrated that the Wigner function can be written as a shifted expectation value of the optical parity operator [12] . Other optical experiments have shown that it is possible to measure directly a significant fraction of the Wigner function, when a spontaneous parametric down conversion of a photon produces a pair of entangled photons [13] . In some implementations of superconducting qubits, the entanglement can be used to follow the evolution of the Wigner function of the reduced density matrix of the qubits [14] . Indeed, it is now clear that the Wigner function can be used to exhibit directly the non-classical behavior through its non-Gaussian and negative excursions [15] .
The Wigner Function
The remarkable similarities between the classical mechanics and the Wigner formulation of quantum mechanics offers a very convenient, and necessary, way to analyze coherence, entanglement, tunneling, and other characteristic effects of the quantum evolution. Indeed, both theories use phase space, defined by the position x and momentum p, the physical observables are associated with the same functions A(x, p) and importantly, the averaged physical quantities A are obtained by the same integrals
where F is either the classical distribution function f ≥ 0, or the Wigner function f w . This establishes a unique correspondence between these functions and associates the name "quasi-distribution" to f w . The basic difference is that the latter is still a real function, but allows negative values. This already suggests that these values are manifest of the quantum behavior and provide the kernel of the quantum information. The development of negative values of the Wigner function over phase space dimensions larger than h are quantum features and the main focus of this work. As discussed above, these negative features can be associated with a rigorous quantification theory [16] , developed in analogy with the corresponding theory of entanglement.
Entanglement in the Wigner Function
Coherence and entanglement are based on the superposition principle, however, they represent conceptually different ideas. The former reflects the wave nature of states to interfere: States with a fixed phase relationship superimpose to represent another state of the physical system. Thus, coherence can be represented in single quantum systems and it is always with respect to a particular basis. In turn, entanglement implicates the (tensor product of) states of two correlated systems in such a way, that a destruction of one of the states in the first system results in a change of the states in the second system. Notably, the two concepts are quantitatively equivalent, that is, any nonzero amount of coherence in a system can be converted into an equal amount of entanglement between that system and another initially incoherent one [17] . This means that the two concepts which describe very different physical notions have a common mathematical foundation and thus can encrypt and carry the same information. The resources theory of coherence, which has been developed in terms of Hilbert space operator mechanics, designates a basis |a i and identifies a set of states I with a label incoherent. These concepts can be reformulated in phase space terms, moreover the entire theory can be formulated in the phase space. There is a variety of measures of coherence in complex systems, based on the correlations between the subsystems [18, 19] .
A principal postulate in the development of a phase space quantum mechanics is the establishment of the correspondence between operators and functions. The problem is that different ordering of the position and momentum operators gives rise to different operators corresponding to one and the same observable, which is a function of the phase space coordinates. There are different rules for ordering the operators such as all momentum operators to the left or to the right, or a fully symmetric ordering. The Wigner theory is developed around the latter with the help of the Weyl map A(x,p) ↔ W(Â):
The map establishes a one-to one correspondence between operators and functions, or more precisely an isomorphism from the algebra of operators Â (xp) with a product and a commutator [,] to the algebra of phase space functions A(x, p) with a non-commutative star ( * )-product A * B = W(Â ·B) and a Moyal bracket ih[A, B] M = W Â ,B . Recently, the algebraic notions used to derive the quantifying theory of coherence have been reformulated in terms of the Wigner theory [20] .
In particular the nondiagonal eigenvector Wigner function f ij (x,p) is introduced in correspondence to the eigenvectors |a i of the operator Â of a given physical observable:
The Weyl map allows the transfer of the concepts of the information theory of coherence to the Wigner phase space picture. We may then define coherence in terms of a fixed basis |a i in which one has to use (2) for the set of eigenvector Wigner functions f ij to define the incoherent states aŝ
where P i are probabilities. The set of such states are denoted by I. Any other state which cannot be presented as in Equation (3) in this way is a coherent state [21] . Then the measure for coherence in phase space is C(f w ) = min D(f w , f w,σ ), where f w,σ ∈ I is introduced from the measure for distance D [16, 17] . The latter can be based on the von Neumann entropy or trace distance [16] , which can be equivalently defined in both operator and phase spaces. We conclude that incoherent states involve only diagonal elements f ii : From Equation (2) it follows that coherence is directly related to the existence of nondiagonal elements f ij in the state representation of f w .
The above formal mathematical analysis developed in [20] can be directly linked to the negativity of the Wigner function and actually has a transparent physical background in terms of positive and negative particles. Indeed, if we choose Â to be the momentum operator Â =p with a basis e i pj x/h , the corresponding Wigner basis becomes
which, due to the exponential prefactor, has the ability to form interference patterns and, in particular, to exhibit negative values. In contrast, for diagonal Wigner basis states, this prefactor becomes unity and (4) reduces to δ(p i ± p). Thus, according to Equation (3), incoherent states f w,σ have non-negative values. The associated physical picture is of classical particles with a distribution function f (p) = ∑ i P i δ(p i ± p). Here each particle "carries" a weight given by the probability P i . In this way the Wigner picture reveals that the concept for incoherent states is deeply rooted in classical mechanics.
In particular, the evolution of an initial particle distribution, subject to the action of a quadratic potential, is entirely classical: The Wigner potential reduces to a force, which governs particles over classical Newtonian trajectories. We can extend this picture to coherent Wigner states. The latter contain off-diagonal basis states, thus according to Equation (4) the weight of such particles should have complex values. Furthermore, we know that the Wigner function is a real quantity, thus after the cancellation of all imaginary values in the corresponding decomposition of the chosen coherent state, only positive and negative values remain. In this way, we come to two important conclusions:
• Quantum coherence is characterized by negative values of the Wigner function; • In a virtual particle picture, coherent states are distinguished from classical states by the existence of particles with a negative weight.
These considerations are independent from the complexity of the system: The existence of subsystems is accounted for by a simple increase of the involved phase space coordinates.
An alternative approach uses the negativity of the Wigner function to define a parameter which measures the non-classicality of a given state based on the distance from a family of coherent states [22] . The parameter is given by the doubled volume of the integrated (in the whole phase space) negative part of the Wigner function. This definition can be regarded as a projection of the function onto the set of the real numbers between zero and unity. Here, we show that other ways of projection can provide useful information about the quantum evolution.
In the next section, we describe how entanglement can be observed in a simple physical problem, that of electron two-slit propagation around an impurity potential in a quantum nanowire (waveguide). The simulation experiment is very similar to the one already used in [23] to analyze coherence effects by comparing classical and quantum density or current density. In contrast, here, we reconstruct the Wigner function in the phase space in order to investigate how the negative excursions, not existing in the classical case, bear information about the involved quantum effects. We show that Wigner-quantum transport can be represented by the evolution of positive and negative particles: The so-called signed-particles. We then turn to the actual simulation and results in the following section.
A Simple Example Problem and Methods

A Quasi-Two-Slit Electron Problem
The aim of this paper is to illustrate how information on entanglement and coherence can be observed by means of the Wigner function of a physical system. The physical system that we consider consists of a portion of a nanowire with a repulsive dopant in the center of it, see Figure 1 . The dopant potential creates a barrier in the center of the nanowire that causes the wave to break into two separate parts passing on either side of the barrier, much like two slits. Electrons that flow along the waveguide, interacting with the repulsive dopant, go through one slit or the other, generating a "Y-branch" path.
The lateral boundaries of the experimental setup are considered to be absorbing in order to avoid reflections of the two electron branches from the lateral sides of the nanowire. Minimum uncertainty non-interacting wave packets are injected from the bottom of the nanowire with a temporal spacing of 1 fs. The only source of quantum effects is the presence of the dopant potential that, having a spatial dependence of 1/r, presents derivatives of all orders.
The simulation set-up is very similar to that already used in [23] states are injected from (x 0 , y 0 ) = (10 nm, 0 nm) in the +y direction with an initial kinetic energy of 0.141 eV. The standard deviation of the minimum uncertainty wave packets is 3 nm in both spatial directions. The electron evolution has been simulated for 400 fs; this time is sufficient for the system to reach steady state. At the end of the simulation the Wigner function is analyzed, specifically to determine those regions of phase space where the quasi-distribution becomes negative.
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Signed-Particles
Historically, the basic similarities between the concepts and notions of classical mechanics and quantum mechanics in phase space motivated the development of particle methods for solving the Wigner equation almost three decades ago [24] . Different particle approaches have been developed since then [25] [26] [27] , which focus mainly on the electrostatic problem in a scalar potential gauge. In particular, the concept of signed-particles, which has matured for 15 years [28] , is based on the application of stochastic approaches to solving integral equations by converting them to different integral forms of the Wigner equation. The concept is not a single, unique particle model, but comprises a set of particle attributes which can be combined and modified to develop suitable algorithms, specific for the physical aspects of the particular problem. Some of these attributes are, however, fundamental and give rise to a heuristic picture of quantum mechanics in terms of particles [29] . Basic attributes are particle sign, particle generation, and particle annihilation. In a signedparticle approach, point-like particles are enabled with classical features, such as drift over Newtonian (field-less) trajectories but carry the quantum information by their positive or negative sign. The mean value of a generic physical quantity A, represented by a phase space function, is evaluated by the ∑n sign(n)An for all particles n in a desired region, where sign(n) is the sign of the nth particle and An the corresponding value of the physical quantity. During the evolution, each particle generates couples of one positive and one negative particle, according to rules dictated by the Wigner potential, and propagate in space by distinct but fixed momentum (no acceleration). Particles with opposite sign which meet in the phase space annihilate each-other since they have a common probabilistic future but opposite contribution to the physical averages. Proof of concept simulations, showing that Newton's second law can be reproduced by generation/annihilation of unaccelerated signed-particles [29] , have been conducted, and also for two-and three-dimensional problems [30] . This allows to prove that annihilation is able to reproduce classical ballistic behavior in the quantum case, where the applied electric field shows constant or linear behavior. Also, there aren't abrupt variations of the electric potential, like the one introduced by the dopant, that (exceeding quadratic dependence) generate quantum behavior. 
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Results
The Wigner function for a two-dimensional scenario, as the one illustrated in Section 2.1, is a function of four variables, f w (x,y,k x ,k y ) and thus needs a five-dimensional space to be visualized. However, useful information can be retrieved from the analysis of the projection of the function onto a two-dimensional space. From a mathematical point of view there are numerous ways to establish such a projection. Two of the variables, called variables of interest, remain active, while the remaining three must be restrained according to some criteria, usually introduced by physical considerations. For example, the value of the Wigner function and of one position and one momentum component can be fixed, or restricted in some limits, or integration on the latter within selected intervals can be performed.
As a first experiment we consider a separation of the negative and the positive part of the Wigner function: f − w = f w θ(− f w ) and f + w = f w θ( f w ). Then both quantities are integrated in the whole momentum space to obtain the spatial distribution of both the negative and the positive parts:
We consider as a reference frame the classical (Boltzmann) distribution, characterized by: f − B xy (x, y) = 0 and f + B xy (x, y) = n(x, y) where n is the classical density. Figure 2a ,b show respectively f − w xy and f + w xy . The quantum density, represented by the sum f + w xy + f − w xy , is shown in Figure 3a . These quantities reflect the following evolution process. In the region below the dopant, denoted by the green 0.15 eV isoline, the electron flux splits into two entangled parts. These maintain the coherence in the region after the dopant, as no dissipation processes are involved. This results in the interference fringes well visible in the upper parts after the dopant of both figures. Remarkably, f − w xy exhibits firmly negative values in a wide region around the dopant. However, their pattern does not reflect the symmetry of the potential and thus they can't be associated to the nonlocality of the quantum action. The most pronounced negative values are placed after the dopant, in the region of evolution of the two entangled parts. Now, one can connect this negative region with the fact that, quantum mechanically, the scattering process requires a "collision duration" [31] . Quantum mechanically, the wave must first build up a correlation with the impurity, and this is then broken up when the collision is completed. The fact that the entanglement exists beyond the impurity is recognition that the event takes a non-zero amount of time to complete. This is true for the impurities as well as for phonons [32] . A similar push of the effect of the impurity potential to the anterior region can be caused by nonlinear screening due to dopants in the contacts [33] , although no such screening is used here. In contrast, such behavior is entirely missing in Figure 3b , where the classical density n is reported: The corresponding region is entirely empty! This shows that the negative excursions of the Wigner function provide a direct indicator for interference effects.
It is interesting to see if such analysis can be carried out on other types of projections or is specific to the presented one, where we intentionally separated the negative values of the Wigner function. As a second experiment we consider the Wigner function for two specific points in the momentum space that are (k x1 k y1 ) = (−0.26 nm −1 , 0.89 nm −1 ) and (k x2 k y2 ) = (0.26 nm −1 , 0.89 nm −1 ). The choice of these two points is related to the fact that they are near to the mean momentum along the y-direction (0.84 nm −1 ) and symmetrically placed around the initial momentum in the x-direction. Classical particles with such momentum coordinates exit near the upper corners of the simulation domain, thus entering well in the region of interest above the dopant, where we expect entanglement and interference effects in the quantum evolution. This can be seen in Figures 4b, 5b and 6b presenting the classical distributions f B x, y, k x1 , k y1 , f B x, y, k x2 , k y2 , and their sum, respectively. The choice of two specific symmetric points with respect to the initial momentum does not limit the analysis, since the evolution of the system is symmetric with respect to the initial momentum, and the choice of all the couples of symmetric points will give a full recovery of the Wigner function. For convenience the viewpoint in Figures 4-6 is now rotated, so that the exit (formerly upper) part of the simulation domain is now the closest one. The corresponding quantum function f w x, y, k x1 , k y1 shown in Figure 4a reveals a well-pronounced negative part, which begins around the dopant and is extended until the boundary. The same holds for the function f w x, y, k x2 , k y2 , Figure 5a . We note that in both cases the negative parts are "internally" placed in the region of correlations between the left and right parts. In Figure 6a we report the distribution obtained by the sum f w x, y, k x1 , k y1 + f w x, y, k x2 , k y2 . The quantum distribution presents a negative part in front of the dopant between the two branches and a kind of "interference" behavior appearing due to the summation of the two components in that region. None of this can be seen in the corresponding classical evolution where the distribution between the two branches is zero.
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Discussion and Conclusions
The paper illustrates, by exploiting the definition of Wigner non-diagonal basis, the relation between the coherence and the negative part of the Wigner function. In particular, in the signed-particle formulation, quantum coherent states are distinguished from classical ones by the fact that the negative particles bring negative values. This shows that a Wigner signed-particle approach is a convenient way to analyze coherence and entanglement as it allows one to directly reconstruct the Wigner quasi-distribution. In order to show the validity of these considerations a simple physical problem of the electron evolution in a nanowire with a repulsive dopant placed in the center was considered. As observed, the active region of interaction around the dopant is characterized by negative values of the Wigner function, which can be associated to quantum nonlocality. However, the Wigner function values in the region after the dopant, characterized by the coherent evolution of the two entangled electron beams are considerably negative. This manifests the close link between coherent evolution and negative excursion of the Wigner function. In order to better show the link between coherence and negative excursion we have considered points in the momentum space, which are symmetric with respect to the initial momentum and are scattered by the dopant in two separated branches in the classical case. This enables to highlight that the corresponding quantum Wigner quasi-distribution presents a negative excursion in the inner part of these two branches and the superposition of these two negative excursions creates a pattern of interference between the two branches. 
